ABSTRACT Wireless channel analysis is essential in the design, performance evaluation, and error correction of radar system. In this paper, an efficient parabolic equation (PE) method, which employs the split-step Fourier transform (SSFT) solution and Fourier synthesis technique, is developed for the propagation and parameter estimation of pulse-compression signals in the troposphere considering anomalous propagation conditions. A sliding window method is applied to reduce computational loads for long-distance propagation in time-domain PE. The signal delay is obtained via searching the peak of the correlation function of the received signal and a known reference signal according to the autocorrelation of the signals. The numerical examples indicate that the presented method is well suited for pulse-compression signals. Beyond that, a multiple signal classification (MUSIC) algorithm with spatial smoothing technique is introduced to obtain the signal direction of arrival (DOA) in PE model, where the covariance matrix is constructed via the array fields obtained from PE and the curvature of wavefronts due to the atmospheric refraction is considered in the array steering vector. The numerical examples verify the accuracy of the presented method. The simulation experiments in a typical sea-to-land scenario are presented to analyze the sensitivity of pulse-compression signals to evaporation ducts, including pulse waveform, time delay, and DOA, utilizing the presented methods.
I. INTRODUCTION
The pulse-compression signals, such as the linear frequency modulation (LFM) signals, non-linear frequency modulation (NLFM) signals, and phase coded signals (PCSs), which have large time-bandwidth product, are commonly used in modern radar system. In the pulse compression process, the impulse response function of the matched filter is designed to be a conjugate mirror of the transmitted signal to get the best signal-to-noise ratio (SNR) for signal detection. In practice, the propagation of radar signal in the troposphere is often influenced by atmospheric, irregular terrains, ground vegetation, sea clutter, and so on [1] - [5] , resulting in signal attenuation, distortion, additional delay, and propagation direction change. In particular, atmospheric
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refraction reduces the precision of target orientation in radar system because of the estimation errors of elevation angle and propagation delay, as shown in Fig.1 .
Electromagnetic wave propagation in a realistic environment is very complicated, so effective methods are required to analyze the wireless channel in radar system design. The full-wave methods provide accuracy solutions, such as the finite difference time domain (FDTD) method [6] , [7] and the method of moment (MOM) [8] , but these methods confront heavy burden from a huge number of unknown variables in the microwave band. The radar equation has the merits of simplicity and fast calculation, but it is insufficient to provide a full consideration of the realistic environment and fails to implement signal parameter estimation. The parabolic equation (PE) is an approximation of Helmholtz equation [9] . It takes the influences of various environmental factors into account, such as the atmospheric conditions [10] , [11] , irregular terrains [12] , [13] , vegetation [14] , [15] , buildings [16] , and rainfall [17] , and has a remarkable advantage in computational efficiency with the split-step Fourier transform (SSFT) solution [18] , so it is especially suitable for large-range propagation problems. There have been considerable research efforts to deal with the radio wave propagation problem in the troposphere with PE method [10] - [17] . However, most of the studies were concerned with the frequency-domain representation, in which the parameters evaluated are mainly field strength, propagation factor, or path loss.
For a comprehensive wireless channel estimation, the time domain approach becomes a better choice. The Fourier synthesis technique can be adopted to convert the original PE to a time-domain version (TD-PE) for pulse propagation problems [19] . However, because of the periodicity of Fourier transforms in the time-frequency conversion, the time-domain observation window is usually required to be set large enough to avoid time folding phenomenon, resulting in enormous calculations for long-distance propagations. Beyond that, in a realistic scenario, the attenuation, multi-path effects, clutters and receiver thermal noise may lead to signal distortions and fading, making it difficult to obtain the signal delay from TD-PE directly.
Direction of arrival (DOA) is another signal characteristic parameter concerned in radar system besides time delay [20] - [22] , which helps to quickly determine the locations of radiation sources or targets. A plane wave spectral (PWS) method [23] was used to obtain the DOA information in PE, which assumes that the refractivity is constant. When the approximation of a constant refractivity fails (in lager gradient refractivity cases, e.g., in the duct environments), the PWS method is no longer applicable. Ali Karimian [24] proposed a curved wave spectral (CWS) method that considers the curvature of waveforms due to the change of refractivity and can be applied to any atmospheric conditions, but a large synthetic aperture is required to retain precision.
In this paper, the PE method is developed to model the propagation of pulse-compression signals in the troposphere and to estimate the characteristic parameters of the signals. A sliding window method is used to reduce the length of the observation window by amplitude-phase separation. The delay of the signal is extracted by a peak search of the correlation function of the received signal and a reference signal. Numerical examples show that this method is well suited for pulse-compression signals. In addition, a multiple signal classification (MUSIC) algorithm [22] which provides a higher resolution compared with the traditional wave spectral methods is introduced to obtain the DOAs of the signals, where the covariance matrix is constructed via the array fields obtained from PE and the curvature of wavefronts due to the atmospheric refraction is considered in the array steering vector. Numerical examples are presented to verify the correctness and effectiveness of this method. Finally, with the presented methods, experiments are carried out to analyze the sensitivity of pulse-compression signals to atmospheric ducts in a typical sea-to-land scenario. This paper is organized as follows. Section II outlines PE and its time-domain solution, the time-delay and DOA estimation methods in PE. Validations and discussions about the presented methods are provided in Section III. Simulation experiments in a sea-to-land environment are presented in Section IV. The Section V concludes the whole paper.
II. METHODS AND FORMULATIONS

A. PE WITH SSFT SOLUTION
The parabolic equation is an approximation of the Helmholtz equation with the neglect of backscattering. In Cartesian coordinates, assume the time-dependence of electromagnetic wave is e jωt , the reduced function obtained from the electromagnetic field component via eliminating the fast varying phase term in the x direction, is given by
where x is the horizontal range, z is the altitude, and k 0 is the wavenumber in free space. φ = E y for horizontal polarization and φ = H y for vertical polarization, respectively. Then, the PE of Feit-Fleck type derived from the Helmholtz equation is expressed as [9] 
where n is the refractive index of the propagation medium. By introducing the well-known split-step Fourier transform (SSFT) algorithm [18] , the solution to (2) is given by
where the operators and −1 represent the fast Fourier transforms (FFT) and the inverse transforms (IFFT), respectively. The symbol * denotes the conjugation. Herein x is the step size along the propagation axis (x-axis). The transform variable k z = k 0 sinθ, where θ is the angle from the horizon. using (3), the field distribution in the whole computational region can be solved via a step-by-step iterative approach when the initial field is provided. Both impedance boundary condition [25] and the conformal mapping methods [26] can be employed to describe ground effects, and a Hamming window is usually applied to truncate the upper boundary.
B. TIME-DOMAIN COUNTERPART OF PE
The PE presented above is essentially a frequency domain method. The Fourier synthesis is employed to solve the problems of pulse signal propagation, giving by
where φ(x, z, f ) is the electromagnetic field at position (x, z) calculated by PE in the frequency domain, and H (f ) is the spectrum function of the transmitted signal. The fast Fourier transform technique is applied to solve (4). According to the sampling theorem, the time interval t and frequency interval f should satisfy t · f = 1/N , where N is the sampling number. The number of frequency points involved in PE calculation is N f = B·T w , where B is the signal bandwidth and T w = N · t is the length of time-domain observation window.
Due to the periodicity of Fourier transforms in the time-frequency conversion, T w is required to be large enough to avoid time folding phenomenon. Since the frequency interval ( f = 1/T w ) decreases with T w , there would be a sharp increase in the number of frequency points in PE calculation when dealing with the long-distance propagation. In this paper, this problem is effectively mitigated via a sliding window approach, in which the reduced function u instead of φ is applied to time-frequency conversion.
Correspondingly, (4) is rewritten as
Since u(f ) eliminates the phase term in the x direction, the delay in (5) becomes
where τ r is the actual delay of concern, and c 0 = 3 × 10 8 m/s is the electromagnetic wave speed in free space. Since τ u > 0 holds in practice, we get
where T w is the length of the sliding window. Thus, the sampling number required to be calculated in frequency-domain PE becomes N f = B · T w . In a long-distance propagation case, there is N f N f thanks to T w T w . Correspondingly, the computational cost is reduced by
C. TIME-DELAY ESTIMATION IN PE
The pulse waveform can be obtained directly using (3) and (5) with the consideration of the environmental disturbances, but the delay τ r fails to be provided directly. In this paper, in order to obtain τ r in a complex propagation environment, a cross-correlation operation between the received signal and a known reference signal is used to extract the relative delay of this two signals firstly.
The cross-correlation function of the received signal S r (t) and reference signal S ref (t) is defined as
where the operators and −1 represent the fast Fourier transforms (FFT) and its inverse transforms (IFFT), respectively. The symbol * denotes the conjugation.
Considering the framework of time-domain PE presented above, we chose S ref (t) = u(x t , z t , t) and S r (t) = u(x r , z r , t), where the subscripts t and r denote the transmitting and receiving antennas, respectively.
With a peak search, the time t corresponding to the maximum value of R(t) is given by
According to the definition of R(t), τ add is a relative delay between S r (t) and S ref (t) . Apparently, there is τ add = τ u . The actual delay of the received signal is then obtained according to (6) 
where |x r − x t | is the projection distance between the transmitting and receiving antennas. It can be seen that the process of the time delay estimation presented above is essentially consistent with that of the pulse compression in radar system. Accordingly, this method is especially suitable for the pulse compression signals, such as the LFM signals and PCSs. VOLUME 7, 2019 
D. DOA ESTIMATION IN PE
Assume a uniform linear array (ULA) with M elements is located at position p(x r , h r ) in the computational region of PE, as depicted in Fig.2 , the electromagnetic field impinged on the array can be expressed as
where m is the serial number of the array elements and z is the inter-element spacing. Since p(x r , h r ) is far from the signal source, the field amplitudes on the elements are approximately equal, while the phases show difference and are related to the wavefront. Through utilizing the geometric relations, the phase difference between φ m and φ 1 can be expressed [24] 
where θ is the incident angle and k v is the vertical wavenumber. According to the Snell's law, the horizontal wavenumber k h is constant, yielding
where λ is wavelength in free space, n r is the modified refractive index, and z 1 is the height of the reference element. A array steering vector corresponding to the direction θ is defined as
where (·) T denotes the transpose. Note that (13) is a general expression which can be applied to any atmospheric refractive index profile. Assuming a constant refractivity, the phase difference between the first and the mth elements can be expressed as
Correspondingly, the array steering vector is rewritten as
The fundamental framework of the MUSIC algorithm is eigenvalue decomposition of array covariance matrix. Here, the array covariance matrix constructed by PE is given bŷ
where (·) H represents the conjugate transpose. Performing eigenvalue decomposition onÂ MM , produces M eigenvalues and eigenvectors, where the D eigenvectors corresponding to the large eigenvalues are related to the arriving waves, while the others are only related to noise. Hence, we can divide the eigenvectors into two orthogonal subspaces, i.e. signal subspace E s and noise subspace E n , respectively.
where V m and ρ m represent the eigenvector and the corresponding eigenvalue.
Since the noise subspace E n and the steering vector a(θ) are orthogonal in the direction of θ, the objective function can be defined as [22] 
where · 2 represents the l 2 norm of a vector. When a(θ)E n 2 = 0 holds, the objective function results in a peak in the direction of θ. The DOA information of the signal can be obtained via a peak search. In practical applications, the signal subspace may diffuse into the noise subspace because of the highly correlated nature of the direct and multi-path waves, which results in a degraded estimation accuracy. A forward/backward spatial smoothing technique was proposed to solve this problem via decomposing the array into multiple overlapping sub-arrays, which is elaborated in details in reference [27] .
III. EXAMPLES AND DISCUSSION
A. PLUSE-COMPRESSION SIGNALS
Both long range (a wide pulse width is required) and high resolution (a narrow pulse width is required) are usually expected in radar system, such as the surveillance radars and tracing radars. The pulse compression technique has been proved to be an pretty effective solution to alleviate the contradiction between the long-range and high-resolution. The linear frequency modulation signals are commonly employed in the pulse compression radar system, giving by
where rect(·) represents the rectangular envelope, A is the amplitude of the signal, and f c is the center frequency of the signal. µ = B/T is the slope of the frequency modulation with bandwidth B and pulse duration T . Fig.3(a) shows the waveform and spectrum of a LFM signal with A = 1 V/m, T = 1 us, B = 20 MHz and f c = 25 MHz. Beyond LFM signal, the phase coded signals (PCSs) such as the Barker code signal and Frank code signal, with the merits of information hiding, low probability of intercept and anti-jamming, are also widely adopted, which can be expressed as
where q is the symbol envelope, 
B. ATMOSPHERIC DUCT MODEL
The atmosphere refractive index usually varies with altitude and can be regrated as a layered structure. A modified version called modified refractivity M is introduced to take into account the effect of earth curvature by defined as
where n is the refractive index, z is the altitude, and r e ≈ 6371 km is earth's radius. In the marine environment, atmospheric anomalies often occur in relation to the inversions of atmospheric temperature and humidity. When the gradient dM /dz < 0 holds, the propagation direction of the electromagnetic wave is bent towards the earth, resulting in an abnormal propagation phenomenon. Evaporation ducts are common in marine environments and have significant impacts on the long-distance radio wave propagation [28] , [29] . The Paulus-Jeske (P-J) model provides a modified refractivity profile for evaporation duct [30] 
where M 0 is the base modified refractivity, C 0 = 0.125 M-unit/m is the linear slope of the refractivity, and Z 0 = 1.5 × 10 −4 m is the roughness factor. When the height of evaporation h d is set to zero, M (z) is reduced to the modified refractivity of standard atmospheric. Fig.4 (a) presents a modified refractivity profile for evaporation duct with h d = 40 m. In addition, a piecewise-linear function is usually used to approximate the modified refractivity profiles of surface ducts and elevated ducts, which is expressed as
where C 1 and C 2 are the slope coefficients of the base and top layers of the atmospheric duct, respectively, h b and h t are the base and top heights of the duct, respectively, z t is the thickness of trapping layer, and M d is the strength of duct. 
C. EXAMPLES AND DISCUSSION
In this section, some examples are presented to validate the feasibility and validity of PE method for pulse-compression signal propagation and parameter estimation. In the first example, to verify the correctness of the PE method in calculating the propagation of pulse compression signals, we compare the PE results with those of geometrical theory of diffraction (GTD) in a canonical single knife-edge scenario. The pulse considered here is a single LFM signal with a center frequency of 300 MHz, a pulse duration of 2 us and a bandwith of 40 MHz. The horizontal polarized transmitting antennas is placed at a height of 60 m, with an elevation of −3 • and a half power beamwidth of 7 • . The height of the single knife-edge is 60 m. The horizontal distance between the knife-edge and the transmitting antenna is 600 m. 5 presents the electric field distribution corresponding to the center frequency calculated by PE method and GTD, respectively. In Fig.5 , the total field is a superposition of direct wave, ground reflection wave and diffraction wave generated by knife-edge. Obvious fringes appear at specific locations thanks to the interference phenomena of electromagnetic wave. The calculation results of these two methods show good consistency. Fig.6 shows the received pulses at observation position (1000 m, 30 m) calculated by the sliding window TD-PE method and TD-GTD, respectively. As shown, the results of the two methods are consistent.
In the second example, we discuss the propagation in the atmospheric duct environment. Fig.7 shows the electric field in dB calculated by PE method and the trajectories of electromagnetic wave propagation obtained from ray tracing method in different duct types. The corresponding M-profiles are presented in Fig.4 . The beamwidth of a horizontally polarized antenna with Gauss pattern is set to 0.9 • . As shown in Fig.7 , the PE results are consistent with those of ray tracing. To show the correctness of the time-delay estimation method, simulations with different signal types are presented, i.e. a LFM signal with carrier frequency 10 GHz, a 13-bit B-PCS with carrier frequency 5 GHz, and a 16-bit F-PCS with carrier frequency 3 GHz. The specific parameters are given in Table 1 . In ray tracing, the effect of medium on the propagation velocity is considered via v c = c 0 /Re(n r (r, z)), where n r (r, z) = n(r, z)+z/r e denotes the modified refractive index. The trajectories of radio wave propagation between the transmitter and receiver are marked with red curves in Fig.7 . Table 2 compares the propagation time-delays estimated by ray tracing ( T rt ) and PE method ( T pe ), respectively. As shown, the PE results are consistent with those of ray tracing, and the maximum differences between this two methods are no more than 2 ns, in other words, the maximum range differences not exceeding 0.6 m.
A example of flat ground with homogeneous atmospheric (n = 1) is presented to illustrate the performance of the presented DOA estimation method. The height of the transmitting antenna is 200 m and the observation height is fixed at 30 m. The DOA here is defined as the grazing angle. Fig.8 shows the electric field calculated from PE. Apparently, there are two propagation paths, i.e. incident path and ground reflected path, forming a significant interference phenomenon. Because the propagation medium is uniform, the electromagnetic wave propagates along a straight line and reflects on the ground. Fig.9 (a) and (b) present the angular power spectrum calculated by MUSIC-PW method (using (15) ) and PWS method with synthetic apertures 3.6 m and 7.2 m, respectively. The amplitudes of the spectrum are normalized by the maximum power over the whole range. The blue dashed lines depict the results obtained from ray tracing. The MUSIC-PW results are in good agreement with those of ray tracing, as shown in Fig.9 . In contrast, the MUSIC-PW method exhibits a better performance than PWS, although the resolution of the latter can be improved via enlarging the synthetic aperture.
Examples with atmospheric ducts are considered. The simulation scenarios are identical to those of Fig.7 , where the M-profiles are presented in Fig.4 . The simulation frequency is set to 5 GHz in PE, and the synthetic apertures are 7.2 m for both MUSIC-CW (using (13)) method and CWS method. For convenient comparisons, the observation positions are set to along the red curves depicted in Fig.7 . Since multiple electromagnetic wave components arrive at the synthetic array in different directions, the situations considered here are more complicated than the previous one. The DOAs obtained from ray tracing are described as blue dotted lines in the figures. As shown in Fig.10 , the results of MUSIC-CW and CWS are consistent with those of ray tracing on the whole. However, the former shows a higher resolution and distinguishes multiple angles effectively.
IV. EXPERIMENTS IN THE TROPOSPHERE
In the troposphere, atmospheric refraction and multipath phenomena are major environmental factors causing radar signal estimation errors. In particular, the random atmospheric ducts make it difficult for radar systems to accurately predict the VOLUME 7, 2019 FIGURE 11. Experiment scenario. The ship-borne transmitter was located 12 m high above sea level and the receivers were installed on the land.
propagation path of electromagnetic waves, and measurement corrections are required to achieve a more reliable assessment. On the other hand, despite the adverse effects, the trapping effects of atmospheric ducts make part of the electromagnetic wave propagate to a far distance with a small attenuation and implement radars' over-the-horizon detection.
PE method was applied to predict the propagation of radar signals in a typical sea-to-land scenario in the eastern coastal areas of China, as shown in Fig.11 . Since the evaporation ducts have the highest probability of occurrence among all kinds of ducts in the marine environment, the sensitivity of pulse-compression signal to evaporation ducts is analyzed, including the waveform distortion, time delay, and DOA (defined as the grazing angle).
The ship-borne transmitter marked with purple square in Fig.11 was located 12 m high above sea level. The main lobe of the transmitting antenna was along the purple arrow. The positions of the receivers were marked with red squares in the map. The altitude of R × 1 was 21 m and that of R × 2 was 380 m. The ground distances from the transmitter to R×1 and R×2 were 134.7 km and 139.7 km, respectively.
The SNR of the receiver was 15 dB. A LFM signal emitted by an antenna with a 0.9 • Gaussian beam pattern has a center frequency of 3 GHz, pulse width 1.6 us, and bandwidth 30 MHz. The pulse wavefrom and spectrum are shown in Fig.12(a) . The time-domain observation window in TD-PE was set to 8 us. Accordingly, the number of frequency points for PE calculation was N f = 240. The refractivity was assumed to be uniformly distributed along the horizontal direction in this experiment, yet it should be noted that the presented method is applicable to arbitrarily varying refractivity.
In practice, because of the multipath phenomenon, there are often multiple signals arriving at the receiver at different time. If the relative delays between each signal are far less than a symbol period, the multipath effect will not cause intersymbol interference. On the contrary, if the relative delays are not negligible compared with a symbol period, then the multi-channel signals overlap with each other, resulting in frequency selective fading. Fig.12 (b)∼(d) present the received pulses at R × 1 and their corresponding spectrum at different evaporation duct heights (EDHs). From the results we can see that, at R × 1, the waveforms of the received pulses are basically the same as that of the transmitted pulse except for amplitude due to the attenuation. Fig.13 (b)∼(d) present the received pulses and their corresponding spectrum at R×2. Fig.13(b) shows that no obvious distortion in waveform occurs when EDH was 20 m. However, when EDH increases to 50 m, the received signal appears frequency selective fading due to the multi-path effect, and its waveform has a serious distortion. However, considering the fact that EDH is usually less than 40 m in practice, the probability of this happening is low. To quantify the signal distortion, the root-mean-square (RMS) difference between the normalized spectrum of the transmitted and received signals is introduced, which is expressed as
where k 1 and k 2 are the serial numbers of the band lower frequency and band high frequency, respectively, f t and f r are the transmitted and received signal spectrum, respectively, and N f is the sampling number in the frequency band. As shown in Fig.14 , for both R × 1 and R × 2, η < 7% when the evaporation duct height is less than 40 m, which indicates that the pulse waveform is not sensitive to the evaporation duct. Different radar signals were simulated to estimate the time delay at receivers. The signals have the same pulse width 1.6 us, and the carrier frequencies of the 13-bit B-PCS and 16-bit F-PCS are the same as the central frequency of LFM, i,e. 3 GHz, with bandwidth of 8 MHz and 10 MHz, respectively. The results are presented in Fig.15 . With the increase of EDH, more electromagnetic wave energy was trapped in the duct layer. The simulation results of the three radar signals are consistent, which illustrates that the signal delay is independent of the signal type. It also shows that the presented method has the same accuracy in calculating of these signals. In addition, the delays decrease with EDH, which indicates that the evaporation ducts force electromagnetic waves to propagate along a shorter path. each other. The DOAs of R×1 tend to be 0 degree when EDH is larger than 20 m, and the absolute value of DOAs for R × 2 also decreases with EDH. The results obtained are consistent with the fact that evaporative ducts force the electromagnetic waves propagating along the earth's surface.
V. CONCLUSION
In this paper, a time-domain version of PE is applied to model the propagation of pulse-compression signals in the troposphere, taking into account the abnormal atmospheric. A sliding window method which requires a small observation window is used to reduce the computational loads for a long-range case. Considering the autocorrelation of the signals, the propagation delay is obtained by searching the peak of the correlation function between the received signal and a known reference signal. This method has proved to be particularly suitable for pulse compression signals. A MUSIC algorithm is introduced to estimate the DOAs of the signals, where the covariance matrix is constructed via the array fields obtained from PE and the curvature of the wavefronts is considered in the array steering vector. Simulation results show that this method has a higher resolution and requires a smaller synthetic aperture compared with the traditional spectral methods. Finally, simulation experiments in a typical sea-to-land scenario are presented to analyze the sensitivity of pulse-compression signals to the evaporation ducts. The experimental results show that, the waveform distortion caused by evaporation ducts is not obvious, while the propagation delay and DOA decrease with the duct height. In this paper, the feasibility of PE estimating signal parameters in the troposphere has been verified, and it has the potential for further improvements to construct a more comprehensive model by taking the effects of sea clutter, rainfall, fog and clouds into consideration. 
